We compute the bulk entanglement entropy of a massive scalar field in a Poincare AdS with the Dirichlet and Neumann boundary condition when we trace out a half space. Moreover, by taking into account the quantum back reaction to the minimal surface area, we calculate how much the entanglement entropy changes under a doubletrace deformation of a holographic CFT. In the AdS3/CFT2 setup, our result agrees with the known result in 2d CFTs. In higher dimensions, our results offer holographic predictions.
Introduction
The AdS/CFT correspondence [1, 2, 3] offers us a powerful way to compute useful physical quantities in strongly coupled quantum field theories in the large N limit. One such example is the holographic calculation of entanglement entropy [4] . Until now, there have been extensive works on the holographic entanglement entropy in the classical gravity limit (see e.g. references in [5] ). However, explicit computations of quantum corrections dual to the 1/N expansions, pioneered by the works [6, 7] , have been limited to several specific examples. Among them, the quantum corrections play a crucial role in the entanglement entropy and mutual information [6, 7] for multi intervals [8, 9, 10] in two dimensional CFTs and for its higher dimensional counterparts [11, 12, 13] (see also further related works [14, 15, 16, 17, 18, 19, 20, 21] and for other aspects of quantum corrections to holographic entanglement entropy refer to [22, 23, 24, 25, 26] ).
The main purpose of this paper is to report a modest progress in a new example where the quantum corrections give the leading contributions. We will especially consider a setup of AdS/CFT correspondence which describes a double-trace deformation of a holographic CFT [27, 28, 29] . We simply choose the half space to be the subsystem A to define the entanglement entropy S A . 1 In its gravity dual, we consider a massive scalar in an AdS space and compute its bulk entanglement entropy S bulk A , which is defined by the entanglement entropy for the bulk subsystem Σ A , a plane ended on A at the AdS boundary. This bulk entanglement entropy is closely related to the one-loop quantum correction S 1−loop A to the holographic entanglement entropy, owing to the remarkable formula found by Faulkner, Lewkowycz and Maldacena [7] . We are interested in how the entanglement entropy changes under the renormalization group flow when the double-trace deformation leads to a relevant perturbation. In the gravity description this change corresponds to the shift of boundary conditions from the Neumann to Dirichlet. We will show that even though S bulk A includes bulk UV divergences, which are interpreted as the area law [30, 31] in an AdS space, the difference of entanglement entropy between the two boundary conditions are free from UV divergences.
One way to calculate the quantum corrections of the holographic entanglement entropy is to employ the replica method and to directly perform the path-integral in quantum gravity or string theory. Though such an analysis is in general quite difficult even for the leading corrections (i.e. one-loop corrections), this computation can be done analytically in AdS 3 /CFT 2 [6] . Another way to calculate the leading quantum corrections to the holographic entanglement entropy is to employ the formula obtained in [7] based on the generalized entropy calculation [32] . In this paper we employ the latter approach as we want to deal with higher dimensional AdS spaces. This prescription tells us that the one-loop quantum correction S 1−loop A is given by the sum of the bulk entanglement S bulk A and the change of minimal surface area δArea 4G N due to the back reactions from the quantum energy stress tensor as well as some 1 The double trace deformation is also used to construct a holographic model Kondo effect in [49] and its entanglement entropy was analyzed in [50] in a classical gravity limit. other contributions. We will explicitly evaluate these contributions and obtain S 1−loop A in our holographic setup. This paper is organized as follows. In section two, we give a brief review of holographic description of double-trace deformations and entanglement entropy. In section three we compute the entanglement entropy in the bulk AdS space with a massive scalar field. In section four, we calculate the quantum corrections to the holographic entanglement entropy dual to a double-trace deformation of a holographic CFT. In section five we summarize our conclusions.
Double-Trace Deformation and Entanglement Entropy
Consider a scalar operator O(x) in a d + 1 dimensional CFT (CFT d+1 ) dual to a scalar field φ(x, z) in a d + 2 dimensional AdS space (AdS d+2 ). In a holographic CFT described by a gauge theory, O(x) should be gauge invariant and is typically given by a single trace operator
, where · · · denotes a product of colored operators.
We focus on the Euclidean Poincare AdS whose metric takes the familiar form:
The mass m of the scalar field is related to the conformal dimension of the scalar operator O(x) via the standard formula [2, 3, 33] :
By solving the equation of motion for the scalar field, φ behaves like
in the near boundary limit z → 0. We define the Dirichlet and Neumann boundary condition by α(x) = 0 and β(x) = 0, respectively. When the scalar field φ(z, x) obeys the Dirichlet and Neumann boundary condition at the AdS boundary z = 0, the dual scalar operator O(x) has the conformal dimension ∆ + and ∆ − , respectively [33] . It is very useful to note that the shift of boundary condition corresponds to the sign flip ν → −ν for our later analysis.
Double-Trace Deformation
Both of the two boundary conditions are sensible only in the range 0 ≤ ν ≤ 1. Indeed, starting from the Neumann boundary condition (we call its dual CFT (N ) ), we find that the double-trace deformation of the CFT action I CF T by the dimension 2∆ − operator O(x) 2 :
becomes relevant or marginal, with the unitarity bound ∆ ≥ 
Entanglement Entropy
The main aim of this paper is to calculate the entanglement entropy for CFT (N ) and CFT (D) defined on the flat spacetime R d+1 by using their gravity duals. We define its cartesian coordinate by ( 
where ρ A is the reduced density matrix. We can express this quantity as a derivative
We choose the subsystem A to be a half of the flat space R d defined by x 1 ≥ 0. If we define the polar coordinate such that x 1 + ix 0 = ρe iθ , then the trace Tr[ρ n A ] is given by the ratio Zn (Z 1 ) n , where Z n is the partition function of a given CFT for the n-sheeted space defined by 0 ≤ θ ≤ 2πn. We first assume that n is a positive integer and later analytically continue n to take the derivative, which is called the replica method.
In this paper we focus on the behavior of entanglement entropy when we perform a double-trace deformation (4) of a holographic CFT. In the classical gravity or tree level limit (i.e. O(G −1 N )), the holographic entanglement entropy [4] dual to S A defined in the above setting is given by
where γ A is the minimal surface which ends on ∂A in the AdS boundary and is simply given by d dimensional plane x 1 = x 0 = 0 in the Poincare AdS spacetime (1). The non-compact volume in the x 2 ∼ x d direction is expressed as V d−1 in this paper. However, since double-trace deformations only affect the gravity dual partition function at one loop order or higher, the classical contributions are the same both for CFT (N ) and CFT (D) as given by (for d ≥ 2)
where ǫ is the near boundary cut off in AdS dual to the UV cut off in CFT. For d = 1, we need a IR cut off z IR , interpreted as the correlation length and we get
which agrees with the well-known CFT result [34, 35] . Here we employed the familiar relation between the central charge of two dimensional CFT and the AdS radius [36] . Therefore, in order to distinguish CFT N and CFT D , we need to study the first order quantum corrections to holographic entanglement entropy. As derived in [7] by Faulkner, Lewkowycz and Maldacena, the holographic entanglement entropy at one loop level (i.e. O(G 0 N )) consists of contributions from the bulk entanglement entropy S bulk A , the shift of minimal surface area δArea 4G N due to the quantum corrections, the Wald-like entropy S W ald and the counter terms S c.t. :
In our holographic model, we assume that φ is the minimally coupled scalar field in AdS and we do not turn on interaction terms in the scalar field action which lead to the extra Wald-like entropy such as the curvature coupling Rφ 2 . Therefore we can ignore S W ald . The counter terms S c.t. simply cancels bulk UV divergences in the first two terms. We write the bulk UV cut off as δ, while another infinitesimally small parameter ǫ denotes the UV cut off in CFTs.
Entanglement Entropy in AdS
One essential part of holographic entanglement entropy at one loop level (10) is equal to the entanglement entropy in the bulk: S bulk A . Thus in this section we would like to compute the entanglement entropy of a scalar field theory on AdS d+2 by applying the replica calculation (6) . This quantity is also interesting because it offers an analytical example of entanglement entropy in a curved space.
The subsystem for this bulk entanglement entropy is chosen to be the d + 1 dimensional half plane Σ A defined by x 1 > 0 and x 0 = 0 in the Poincare AdS spacetime (1) . Note that the boundary of this subsystem is given by the previous minimal surface γ A defined by
Entanglement Entropy in AdS from Orbifolds
Instead of taking n to be an positive integer, we set n = 1/N with N chosen to be a positive integer [37, 38] . This trick simplifies our presentation of computations. However, straightforward calculations in appendix A show that this actually leads to the same result as that from the standard replica method. Using this trick, we have Tr[ρ 
We would like to compute the contribution to the holographic entanglement entropy S A from a scalar field on Euclidean AdS d+2 . The action is given by
where a runs the integers 0, 1, · · ·, d + 1 and the metric is given by (1) . We consider the following eigenvalue problem for the Laplacian,
where
is from now on regarded as an eigenvalue. This eigenvalue problem can be solved with the ansatz [39] 
We substitute (14) into (13) and obtain
where u ≡ pz. The solutions of (15) are f (u) = K iα (u), I iα (u). By requiring the solutions to be well-behaved at z → ∞, we choose f (u) = K iα (u). By imposing the boundary condition for the direction (x 0 , x 1 ), we obtain the eigenvalue function as
here x ⊥ = (x 2 , x 3 , · · · , x d ) and x = (x 0 , x 1 ), and g is a rotational operator, i.e.
where θ = 2π/N. F p ( x) satisfy the boundary condition F p (g x , x ⊥ ) = F p ( x , x ⊥ ) and are normalized as
and
Thus x|α, p is normalized as
In (21) we have used (see Appendix C)
Thus, by introducing the bulk UV cut off δ we obtain
The delta function is evaluated as
where we employed the formula
We substitute (26) into (24) and obtain
. In the final expression in (28) we assumed d ≥ 2. We use the following formula,
We expand q d (α) as
We substitute (29) into (28) and obtain
Note that the integral of s in the above only includes the divergences from the bulk UV limit δ → 0.
Detailed Evaluation: The case d is odd and d ≥ 3
In this case we can perform the α integral and obtain
where γ(s, x) ≡ x 0 dtt s−1 e −t is the lower incomplete gamma function and we expanded γ(s, x) and used (31). Thus we obtain the bulk entanglement entropy in AdS as
This leading divergence can be understood as the bulk area law as it is proportional to
where remember that γ A is the d dimensional minimal surface defined by x 0 = x 1 = 0. At the same time, note that the fact that all terms in S bulk A is proportional to
is consistent with the area law of the dual CFT [30, 31] . Also notice that the bulk divergent terms in the limit δ → 0 are not affected by the boundary condition we take as is clear from the fact that it is symmetric under ν → −ν.
On the other hand, the finite contributions depend on the boundary conditions. The difference between Neumann and Dirichlet boundary condition S 
3.1.2 Detailed Evaluation: The case d = 1
For d = 1, we substitute (26) into (24) and obtain
When p z → 0, we have
The terms in the square bracket oscillate rapidly when pz → 0, so we can neglect the contribution from these terms in (37) and obtain
Thus we obtain the bulk entanglement entropy in AdS 3 as
The difference between Neumann and Dirichlet boundary condition S
Detailed Evaluation: The case d = 2
As an example of even d case, let us study the entanglement entropy for d = 2 below. We will present general results for even d in the next subsection. For d = 2, the equation (28) becomes
We perform the s and the α integrals in the similar way as the calculation of the partition function in AdS 2 in [39] ,
and we used
and we neglected terms which vanish when δ 2 /R 2 → 0 in (43) . The last term in the right hand side of (43) is computed as
where ζ(x) is the Riemann zeta function and ψ(x) = d dx ln Γ(x) is the digamma function. We substitute (46) into (43) and, after some calculation, we obtain
where γ is the Euler's constant and we neglected terms which vanish when δ 2 /R 2 → 0. From (42) and (47), we obtain the bulk entanglement entropy in AdS 4 as
where we used H 0 = 1/48. The difference between Neumann and Dirichlet boundary condition
Entanglement Entropy in AdS from Green Functions
We can equivalently compute the difference of entanglement entropy in AdS for Neumann and Dirichlet boundary condition from Green functions in AdS space.
The scalar field Green function in Poincare AdS d+2 (see e.g. [28] ) is given by
+w 2 4s
I ν zw 2s . (50) By using this we can express the derivative of relevant partition function with respect to the mass square as follows:
The derivative of entanglement entropy with respect to m 2 is given by To see the universal finite part we can consider a difference S A (ν) − S A (0), which is evaluated as
The difference between Neumann and Dirichlet boundary condition S bulk A (−ν) − S bulk A (ν) is given by as follows (we assume d ≥ 3)
When d is an odd integer and d ≥ 3, the above result (56) agrees with (36) . Even though our analysis can not be applied to d = 1, 2, the final result reproduces (41) and (49). 2 At the same time it offers results for general even d.
Entanglement Entropy and Double Trace Deformations
Here we combine the bulk entanglement entropy and the quantum back reaction effects to obtain the one-loop holographic entanglement entropy (10) . We are interested in the difference between the entropy for the Neumann boundary condition and that for the Dirichlet one, which is denoted as ∆S
Thus we subtract all bulk UV divergences in a common way and this naturally takes into account counter term contributions S c.t. or equally renormalizes the Newton constant. 
Bulk Entanglement Entropy
We already computed the bulk entanglement entropy S bulk A in (36) and (56). The result is summarized as
and d = 7 (AdS 9 ), we explicitly find
Minimal Area Corrections
To compute the shift of minimal area surface i.e. the term δArea 4G N in (10), we need to solve the back reaction of the metric due to quantum corrections to the bulk energy stress tensor T µν . The Euclidean gravity action coupled to a massive scalar is
√ gδg µν g µν , we have
. This leads to the Einstein equation
For a pure AdS d+2 with the AdS radius R we have
Note also that the gravity action for this classical solution of AdS d+2 is evaluated as
If the quantum expectation value of T µν is given by T µν = λg µν , the radiusR of the corrected background is given by 1
By assuming G N λ is very small, we have
The (renormalized) quantum expectation values of T µν for the Dirichlet boundary condition was computed in [39] . For d = 1, 3, 5, 7 (AdS 3,5,7,9 ), we explicitly find
Thus the difference (Neumann−Dirichlet) between the two boundary condition are given by
for any d. The area of minimal surface after the radius shift R →R due to the quantum correction is given by
. Therefore we find the change of minimal area surface is estimated as δArea
For d = 1, 3, 5, 7, this leads to
Total Contributions
For d = 1, 3, 5, 7, we sum up (58) and (70) and get
Notice that only for d = 1, the change of entanglement entropy is positive, while it is negative in higher dimensions. Also all of them vanish at ν = 0 because the Neumann and Dirichlet boundary condition become equivalent as can be seen from (2).
Comparison with Central Charge
In [28] , the shift of vacuum energy in AdS between the two boundary conditions has been computed:
which is always positive. For d = 1, 3, 5, 7, we explicitly find
Since the vacuum energy V contributes to the gravity action as
can obtain the shift of central charge ∆c by comparing V with the action (64) [28] :
Note that this central charge is the special one (often called a in four dimensions) which is expected to decrease monotonically under the RG flow.
For d = 1, this predicts the following correction compared with the tree level result S tree A = c 6 log ǫ −1 :
where we employed (76) as expected. This agrees with our one-loop holographic entanglement entropy (71). For d = 3, 5, 7, the leading divergent pieces of entanglement entropy (i.e. area law term) are not proportional to the central charge in general. If we naively compute the analogue of (78) for these, we obtain ∆c c · S
Indeed, they deviate from the one-loop holographic entanglement entropy computed in (72), (73) and (74). It is intriguing to observe that for all of these, the first two coefficients (i.e. ν d+2 and ν d ) agree with each other after non-trivial cancellations, which might be an interesting future problem to explain.
Conclusions
In the first part of this paper, we computed the entanglement entropy of a free massive scalar field analytically in the bulk AdS space. We considered two boundary conditions (i.e. Dirichlet and Neumann) of the scalar field at the AdS boundary. In both cases we found that the bulk UV divergent terms take the same expression and that the leading divergent term follows the area law. We showed that the finite terms depend on the boundary conditions and we computed the difference between these two cases. We computed this finite entropy difference from two methods: a direct partition function computation and a calculation based on Green functions, both of which lead to the same result.
Next, by adding the quantum back-reaction of minimal surface area to the bulk entanglement entropy, we found the one-loop corrections to the holographic entanglement entropy. In the case of AdS 3 /CFT 2 , we confirmed that our result reproduces the known expression in two dimensional CFTs, which is proportional to the central charge. In this analysis, nontrivial cancelations of terms in the two contributions play an important role. Note that in this example, the entanglement entropy is decreased under the RG flow and this is consistent with the c-theorem [41, 42] .
Moreover, we computed the one-loop corrections to the entanglement entropy in higher dimensions. We found that the difference becomes negative and this means that the entanglement entropy is not monotonically decreasing under the RG flow as opposed to the AdS 3 case. The results are no longer proportional to the central charge and the relevant results in CFTs have not been known so far. It will be an intriguing future problem to reproduce the same result from field theory computations.
Finally we would like to comment that in our analysis, we computed the coefficient of area law divergences of entanglement entropy in d + 1 dimensional CFTs (i.e. the UV and IR fixed point of the double trace deformation). Except d = 1, one may wonder if the coefficient is universal as it depends on the choice of the UV cut off ǫ of CFTs. However, since we are performing the holographic computation, the geometric cut off z > ǫ is universal. Indeed we can explicitly confirm from our result in section 3.1. that the bulk UV divergent terms O(δ −d ) in the difference of bulk entanglement entropy ∆S bulk A (−ν) − ∆S bulk A (ν), does cancel only if we assume that the same CFT UV cut off z > ǫ is introduced in the two holographic CFTs.
We comment on the case that the subsystem is a sphere S d−1 in d + 1 dimensional CFTs.
4
The entanglement entropy of a sphere S d−1 in CFTs can be mapped to the free energy on the Euclidean sphere S d+1 [44] . The double-trace deformation on S d+1 was studied in [29, 45, 46] (see also further related works [47, 48] ). So, when the subsytem is a sphere, it would be possible to calculate how much the entanglement entropy changes under a doubletrace deformation in CFTs and compare it with its AdS dual.
z < z

B Green function
In the same way as the partition function, we obtain the Green function as
where we have used K iα = 
By using this integral representation, we perform the α integral and obtain 1 2iπ 
By substituting (86) into (84), we obtain the Green function as
This is the Green function for the Dirichlet boundary condition (see e.g. [28] ).
C A derivation of the orthogonal relation (23)
For a, b, c ∈ R and c > 0, we define
